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2.3 Functional Calculus

2.3.1 Functional calculus for bounded operators

In this subsection, we suppose that A : H — H is a bounded linear operator
on Hilbert space H. Note that all results in this subsection hold for Banach
spaces. Let B(H) be the algebra of bounded linear operators. In expressions
like A Id — A, we usually write A— A, omitting the symbol Id for the simplicity.

Definition 2.3.1. The resolvent set p(A) is defined by
p(A) :={\ € C: A — Ais invertible}. (2.3.1)
If A € p(A), (A\— A)~! is called the resolvent of A. The spectrum is

og(A) =C\p(A). (2.3.2)
Proposition 2.3.2. The spectrum o(A) is a bounded closed subset of C.

Proof. It r > ||A||, then » — A = r(1 — A/r) and ||A/r| < 1. Since
S A/ < oo, then 1+ 300, (A/r)f € Hand 1 1(1+ S5 (4/r))
is the inverse of r — A. So o(A) C By(||A]|) is bounded.

Let U be the set of invertible elements in B(H). Then U is open. Since
the map f : C — B(H), A — A — A, is continuous and p(A) = f~1(U), we
have p(A) is open. So o(A) is closed.

The proof of Proposition 2.3.2 is completed. 0

In the proof of Proposition 2.3.2, we consider a continuous map f : C —
B(H). The norm of the bounded linear operator makes B(#) a Banach space,
which is a topological space with topology induced by the norm. We need to
say more here.

Differentiation
For )\ € C, we could define the derivative of f at Ay by
/(%) = lim 27 (f (X + 2) = f (X)) (2.3.3)

if the limit exists with respect to the operator norm. Let €2 be an open
subset of C. The function f is called differentiable if for each Ay € €1, the
derivative of f at A\ exists. It is called differentiable on (2 if it is differentiable
at each \g € Q.
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Integral

Let I' = {I'(t) : ¢t € [0,1]} be a rectifiable curve in Q. Then [, f(A\)dA is
defined as the limit in B(H) of sums of the form

SO(0(t) — Tt ) F(T(E)) € BH) (2.3.4)
j
as we did in the course of Mathematical Analysis, where {to,--- ,t,} is a
partition of [0,1]. In the same way, we could show that if f is continuous,
the limit exists.

An open subset A C C is called a Cauchy domain if it is a disjoint union
of a finite number of open connected sets Ay, -+, A,, such that EOKJ =0
if © # j and for each j the boundary of A, consists of a finite number of
non-intersecting closed rectifiable Jordan curves which are oriented in a way
that A; belongs to the inner domains of the curves. The oriented boundary
of a bounded Cauchy domain in C is called a Cauchy contour. Usually
we integrate a continuous function on a Cauchy contour. In fact, for any
compact subset K C C and its any open neighborhood 2, there exists a
Cauchy domain A such that K ¢ A cc Q3.

Analyticity

The function f is said to be analytic at A\ € (2 if in some neighborhood
U of )\ in €,

o0

FO) =D (A= X)fa, A€EU. (2.3.5)

n=0

Here fo, f1--- € B(H) and the series (2.3.5) converges with respect to the
operator norm. We say f is analytic on 2 if it is analytic at each Ay € Q2.

Theorem 2.3.3 (Cauchy Integral Formula). Assume that f : Q — B(H) is
analytic on 2. Let T be a Cauchy contour such that I' and its inner domain
A are in Q. Then for any \g € A,

1 A
Fon =5 [ Aff ))\Od/\. (2.3.6)
In particular,
1

3¢f. GTM 011, Proposition VIII.1.1 "Functions of one complex variables” by Conway.
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Proof. Take an arbitrary continuous linear functional F' on B(#). Then Fo f
is an analytic function in the usual sense. From the usual Cauchy integral
formula, we have

L [FIf]
Flf(h)|=— | ———d\ 2.3.
Oy (238)
On the other hand, from the definition of the integral (2.3.4), we have
L[ 1 / FIf(N)]
Fl|l— | ——d\| = — | ———=d\ 2.3.9
|:27TZ F)‘_AO 1 271 r )\—>\0 ( )

Since F is an arbitrary continuous linear functional on B(H), from the Hahn-
Banach theorem?, (2.3.8) and (2.3.9), we obtain (2.3.6).

If we replace f(A) in (2.3.9) by f(A)(A — A), we get (2.3.7).

The proof of Theorem 2.3.3 is completed. ]

Theorem 2.3.4. The function f is analytic on ) if and only if f is differ-
entiable on 2.

Proof. We only need to prove that differentiable implies analytic, which is a
classical result in complex analysis in the usual sense.

Assume that f is differentiable on €2. For any Ay € €2, we could choose
an oriented circle I' C 2 with center at A\q and radius r such that its inner
domain is also in €. Let F' be an arbitrary continuous linear functional on
B(H). Then the function F o f is differentiable on €2, and hence analytic on
Q2. From the Cauchy integral formula,

1 [FfV)] 1 / f)
F — d\=F dA —A -
(2.3.10)
So the Hahn-Banach theorem implies that
L[ f)
= — [ —=d)\ - . 2.3.11

Since

- - : _y o 2.3.12
A= p (A—AO)(1—§*—§E) ;(A—Ao)”ﬂ’ ( )

4Corollary 2.4.5 in "Functional Analysis I”
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we have
1= 20020 (55 [ L) (2.3.13)

So f is analytic on €.
The proof of Theorem 2.3.4 is completed. 0

Lemma 2.3.5. For A\, i € p(A), we have the resolvent equation

A=A = (= A = (=N - A (u— A (23.14)
Proof. Multiply (A — A) on the left and (u — A) on the right. O
Corollary 2.3.6. The resolvent (A — A)~! is analytic on X € p(A).
Proof. By Theorem 2.3.4 and Lemma 2.3.5, obvious. [

Definition 2.3.7. Let Q2 be an open neighborhood of o(A). If f: Q — C is
analytic, for a Cauchy domain A with boundary I" such that o(A) C A CC
Q, we define f(A) € B(H) by

1
Comi

f(A): / FOYN = A) A (2.3.15)
r
From the Cauchy integration formula, f(A) is independent of the choice
of the Cauchy domain satisfying o(A) C A CC Q.
Let Hol(A) be the set of complex-valued functions which are analytic in
a neighborhood of o(A). From the definition, it is easy to see that For any
f € Hol(A), a € C,

(af)(A) = af(A). (2.3.16)
Theorem 2.3.8 (Riesz Functional Calculus). (1) For any f,g € Hol(A),
(f +9)(A) = f(A) +9(A), (- 9)(A) = F(A)g(A). (2.3.17)
(2) If f =1, then f(A) =1d, i.e.,
% A—A)ldx=1d. (2.3.18)

(3) If f(z) = 2% for any z € C, f(A) = AF, i.e.,

1
— [ M\ = A)td) = AP (2.3.19)

2m Jr
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(4) If f, f1, f2,- -+ are analytic on Q, and f, — [ uniformly on compact
subsets of Q, then || f,(A) — f(A)]| = 0 as n — +o0.

(5) If f(z) = >_p2yarz® has radius of convergence R > ||Al|, then f €
Hol(A) and

o0

F(A) =" apA*. (2.3.20)

k=0

Proof. The proof of the first equation of (2.3.17) is obvious. Let € be the
open neighborhood of o(A) such that f and g are all analytic on Q. Let
I’y and 'y be Cauchy contours such that 'y = dA, T'y = 0Ay and o(A) C
A; CC Ay CC Q. Then from Lemma 2.3.5,

f<A>g<A>:(1 - A7) (5 /F29<u><u—A>—1du)

o
= (= FNg() (A = A) 7 (e — A) " dpd A
<27”> /F1 Iy

O A) 1

u A~ _
(27”) /F [ 10 H S dndy = A~ B. (2321
So
1
/ JA=A)MdA = (f-9)(4) (2.3.22)
and
1 1 A)d\

(2) and (3). Let f(2) = 2%, k > 0. Let ['(t) = Re*™® 0 <t <1, R > || 4]
Then

1
271

1

271

flA) = — /)\’“(A A)ldd = — /F)\’“ (1 —A/N)"tdA

An
k=1 . (2.3.24
27rz )\ Z 3 )
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Since the infinite series converges uniformly on T,

[e.9]

f(A) = nz:; (% /F ﬁd/\) A", (2.3.25)

(4). Let A be a Cauchy domain such that o(A) C A CcC Q. Let I' =
OA = UiI'y, where I'y’s are closed rectifiable Jordan curves. For k fixed,
[ awn-ato- [ oo -7
I'g Ty

Since ||(T'x(t) — A)~!] is continuous on ¢ € [0, 1] and bounded for any ¢, there
exists C' > 0 such that for any ¢ € [0,1], ||(Tr(t) — A)7'|| < C. Let || be
the length of I'y. Then from (2.3.26), we have

From the conditions, we have || f,(A) — f(A)|| = 0 as n — +o0.

(5). Let fu(z) = Yo7 ;axz". Then from (1)-(3), fu(4) = > p_, arAF.
Since f(z) = > po,axz” has radius of convergence R > ||A||, f € Hol(A)
and f,(z) — f(z) uniformly on compact subsets of {z : |z| < R}. From (4),
FulA) = F(4).

The proof of Theorem 2.3.8 is completed. [

/ <fn<rk<t>>—f<rk<t>>><rk<t>—A)*drk(wH (2.3.26)

[ oo [ f<A><A—A>-1dA\

< ClFk[max|fo(A) = (M. (2.3.27)

Corollary 2.3.9. Let 0 C 0(A) be a closed subset such that T := o(A)\o is
also closed. Let I' be a Cauchy contour such that o is in the inner domain
of I' and 7 is out of I'. Then the operator

1
P,i=— [ (A= A)"ld\ 2.3.2
3 A=) (2:3.28)
1S a projection, i.e.,
P?=P,. (2.3.29)

Furthermore, we have

P,+P =1d, PP, =0. (2.3.30)
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Proof. We co_uld ta_ke a Cauchy domain A = A; U Ay such that ¢ C Ay,
TCAyand A;NAy=0. Let I'; = A, for i = 1,2. Take f =1 on A; and
=0 on A,. Then f € Hol(A). So
1 1
A) = — NN —A)tdy = — A—A)tdr=P,. (2.3.31
F =5 [ s - a7t = o [0 . (2331)
Then from the second equality of (2.3.17), P2 = P,.

Take g = 1 on Ay and = 0 on A;. Then g € Hol(A4) and g(A) = P;.
Then from the first equality of (2.3.17), P, + P, = Id. In this case, P, P, =
P(1-P)=P,— P, =0.

The proof of Corollary 2.3.9 is completed. ]

Theorem 2.3.10 (Spectral Mapping theorem). If f € Hol(A), then

o(f(A)) = f(a(A)). (2.3.32)
Proof. 1f \g € 0(A), let
_ S = ()

If f(Xo) & o(f(A)), then f(A) — f(Xo) is invertible. From (2.2.31), (Ao —
A7t = g(A)(f(Xo) — f(A))~! is bounded, which is a contradiction of \y €
o(4). So f(o(A)) C o(f(A).

For the other direction, if u ¢ f(o(A)), then g(A) = (f(\) — u)™' €
Hol(A). So g(A)(f(A) — p) =1d. So & a(f(A)).
The proof of Theorem 2.3.10 is completed. 0

Corollary 2.3.11. Let 0 C o(A) be a closed subset such that T := o(A)\o
is also closed. Let M = ImP, and L = Ker P,. Then B(H) = M & L, the
spaces M and L are A-invariant and

o(Aly) =0, o(AlL) =T (2.3.34)

Proof. From (2.3.30), L = ImP; and B(H) = M @ L. The spaces M and L
are A-invariant. Take f = z on A; and = 0 on A,. Then f € Hol(A). So
Aly = AP, = f(A). So (2.3.34) follows from Theorem 2.3.10.

The proof of Corollary 2.3.11 is completed. [

2.3.2 Functional Calculus for unbounded operators

In this subsection, we assume that A is an unbounded operator on H with
domain D(A). Remark that we don’t need A is self-adjoint in this subsection.
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Proposition 2.3.12. The resolvent set p(A) is open. If p(A) # 0, then the
resolvent (A — A)~! is analytic on X\ € p(A). Moreover, if \g € p(A) and
A= Xol <I[(A—=A)7H, then A € p(A) and

(A=A =D (=)A= Ag)"(Ag — A)" "D, (2.3.35)

n=0

Here this series converges in the operator norm. For A\, u € p(A), we have
the resolvent equation

A=A = (= A = (= NA= A=A (2:336)
Proof. The proof is the same as the bounded case. [

If A is unbounded, the spectrum o(A) is closed but unbounded. We need
to compactify o(A) as follows.

Let Cy be the Riemann sphere, C,, = CU {0}, endowed with the usual
topology. The set C, is a compact topological space and for any A € C, the
Mobius transformation

m(z) = (A —2)7" (2.3.37)
is a homeomorphism on C.

Proposition 2.3.13. Let A be an unbounded linear operator with non-empty
resolvent set p(A). Then for A € p(A),

m(o(A) U {oo}) = a((A - A)7). (2.3.38)

Proof. Note that n,(00) =0 € a((A— A)™!), because (A—A))t=X—-A
is unbounded. For z # A, z # oo,

z—A=MA—2)((A=2)""=(A=4)7") (A-A). (2.3.39)
So z € o(A) if and only if ny(2) = (A —2)" € (A — A)7).
The proof of Proposition 2.3.13 is completed. [

Since 7 is a homeomorphism and o((A — A)™!) is compact, we have
0(A) U {oo} is compact in C.

Definition 2.3.14. Let 2 be an open neighborhood of o(A) in C. Let A be a
Cauchy domain such that 0 C A CC Q. Let I' = 0A be the Cauchy contour.
In this case, some connected components are not closed. Let f be an analytic
function on 2. We assume that on any open connected component I'; of T,

|f(Ti(2)] € Z(R) (2.3.40)
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is a rapidly decreasing function (cf. (1.2.22)). We define

£(A) = ZLM /F FOYO = A)1an, (2.3.41)

Proposition 2.3.15. The definition (2.3.41) is well-defined and does not
depend on the Cauchy contour satisfying (2.3.40). Moreover, for X ¢ A, we
have

FA) =2 [ e 0l — (A — A (2.3.42)

210 Jyy ()

Roughly speaking, we have f(A) = (f on " )((A— A)71).

Proof. We only prove (2.3.42). From (2.3.42), we could see that (2.3.41) is
well-defined and does not depend on the Cauchy contour satisfying (2.3.40).
Let B=(A—A)"', z€p(A), z# Xand = (A — 2)"'. From (2.3.39),

(2= A =uB(u—B)™ = p(p(p — B)™ —1d). (2.3.43)

By taking z = 0y (1) = A — p71, from (2.3.43), we have

-1
— d
27T2/f (2 :

T 2mi / FO () (e = B)™ = pHdp. (2.3.44)

Let I'. = 9(nx(A)\By(e)) for € > 0 small enough. Then from (2.3.40), we
have

S (U TES ey (O ) TR CE R

27 Sy e—0 21
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Since f ony "' is holomorphic on 7, (£2), by Cauchy integral formula, we have

1 -1 -1
— dp =0 2.3.46
e N CEXD)
for any € > 0. So
1 1

— —A) My = — ! — B) dp. 2.3.47

s SOC= A e = g |t ) e B) . 37
The proof of Proposition 2.3.15 is completed. ]

Remark 2.3.16. Remark that the assumption (2.3.40) is very strong. In
fact, from the proof of Proposition 2.3.15, we only need the condition that
the integral in (2.3.41) is well-defined.

From Theorems 2.3.8, 2.3.10 and Proposition 2.3.15, we obtain the fol-
lowing result.

Theorem 2.3.17. For f, g be the analytic functions in Definition 2.5.14, we
have

(f +9)(A) = f(A) + g(A), (2.3.48)
(af)(A) = af(4), VYaeC, (2.3.49)
(f9)(A) = f(A)g(A), (2.3.50)
o(f(A)) = f(o(A)). (2.3.51)

From Corollaries 2.3.9 and 2.3.11, we obtain the following result.

Theorem 2.3.18. Let A be a closed operator with spectrum o(A) = o UT,
where o is contained in a bounded Cauchy domain A such that AN T = ().

Let I' = 0A. Then

1
P,oi=— [ (AN=A)"ta\ 2.3.52

is a projection. Let M = ImP, and L = Ker P,. The spaces M and L are
A-invariant and

o(Aly) =0, o(AlL) =T (2.3.53)

Furthermore, M C D(A) and Al is bounded.
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2.3.3 Spectral decomposition for non-self-adjoint ellip-
tic operator

Now we extend the spectral decomposition theorem (Theorem 2.2.47) to the
non-self-adjoint case using the functional calculus.

Theorem 2.3.19. Let P : € (M, F) — €< (M, F) be an elliptic differential
operator over a compact Riemannian manifold of order m > 0. Then for the
spectrum o(P), there are two possibilities:

(a) o(P)=C;

(b) o(P) is a discrete (maybe empty) subset of C.

If (b) holds and Ny € o(P), then there is a decomposition L*(M,F) =
Ey\, © E), such that the following conditions are satisfied:

(1) E\, C €°(M,F), dim E,, < +o00, and E\, is an invariant subspace
of P such that there exists N € N, with (P — Xg)VE\, = 0, i.e., the operator
P’Exo has only the eigenvalue Ao and is equal to the direct sum of Jordan
cells of degree < N;

(2) E), is a closed subspace of L*(M, F), invariant with respect to P,
i.e., P(DH™(F) N E},)) C E},, and if we denote by P}, := ?’E/Ao as an
unbounded operator in E)\ ~with domain H*(F) N E)\ , then P\ — Ao has a
bounded inverse, i.e., A\ & O'(P)’E/AO.

Proof. Let \g € C\o(P), with loss of generality, assume that Ay = 0. So we
have a bounded inverse P . Since P has positive order, by Rellich theorem,

P is a compact operator. Since

P-A=(A\"'=P H\'P, (2.3.54)

A € o(P) if and only if A # 0 and ™! € U(F_l). From the spectral theory
of the compact operator, we see that o(P) is discrete.

Let o(P) # C, Ay € 0(A). Without loss of generality, we assume \g = 0
again. Let I' be the contour around 0 and not containing any other point of
0(A). From Theorem 2.3.18, Py = 5= [.(A — A)~'d\ is a projection, E), =
Py(L*(M, F)), E5, = (1= Py)(L*(M, F)) and E,,, E}  are P-invariant. From
(2.3.53), Ao ¢ 0(P>|E&0' Since P is elliptic, E,, C €*(M, F) and is finite
dimensional. From (2.3.53), o(P|g, ) = Ao So P|g,, is a linear transform
on finite dimensional linear space £\, with single eigenvalue )\y. From the
Jordan decomposition theorem in linear algebra, there exists N € N, with
(P—X)VE,, =0.

The proof of Theorem 2.3.19 is completed. ]

Remark that if ind(P) # 0, o(P) = C. Because ind(P — \) = ind(P).
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2.3.4 Complex powers of an elliptic operator

In this subsection, we introduce an important example of functional calculus
of unbounded operator: complex powers of an elliptic operator, P*, z € C,
Rez < 0.

Let P: € (M,F) — €>(M, F) be an elliptic differential operator over
a compact Riemannian manifold of order m > 0. We assume that 0 ¢ o(P).
From Theorem 2.3.19, o(P) is a discrete set. We assume that there exists
€ > (0 small enough and angle

A={ eC:m—2e<arg) <m+2} (2.3.55)
such that
a(P)NA=10. (2.3.56)
For A € C, z € C, we have
N = o0 = g2InAFizargd _ |y |zgizarg) (2.3.57)

Take p > 0 small enough that By(2p) No(P) = 0. Consider the contour

where
Ti: A=7re"9, 4o0>7r>p,
[y: A=pe¥, m—e>p>-m+e, (2.3.58)
y: A=re™9) p<r<4oo.
As in Definition 2.3.14, we define
1

P* = _— N (A — P)~td). (2.3.59)
27TZ I ulsUl's
Then
1 P . .
pPF = rRezefImz(ﬂ'fs)ez(Imz Inr+Rez(m—¢)) (rez(ﬂfa) . P)fldr
271 J 4 oo
1 —m+e ) ) )
+— pe—wlmzewRez(peup _ P)—lz'pewdso
21 S,
1 [

o TReze—Imz(—w—i—a)ei(Imz1n'r’+Rez(—7r+e))(Tei(—ﬁ—i-s) . P>_1d7" (2360)
™
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Lemma 2.3.20. For \ € A,

C

(P =N < ouk (2.3.61)

Proof. Add it in the future. ]

From Lemma 2.3.20, Remark 2.3.16, (2.3.57) and (2.3.60), we see that
P? in (2.3.59) is well-defined for Rez < 0 and bounded.
From the functional calculus Theorem 2.3.17, we have the following result.

Theorem 2.3.21. (1) If Rez < 0, Rew < 0, then P*P¥ = P*tv.
(2) Ifk€Z, k>0, then PF = (P~1)k,
(3) If Rez < 0, P* is holomophic on Rez < 0.



